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After the energy measurement 



After the energy measurement with outcome Ei, the particle will be in the energy 
eigenstate Ui, and all subsequent energy measurements will yield the energy Ei. 

What is the energy before measurement is made? 

If ijj{x) is not an eigenstate, the energy is "uncertain". A measurement can yield 
different energy values, only probabilities can be predicted. However, an average 
value of the energy can be calculated: 




generally valid 



(12-1) 



Using the definition of the expansion coefficients c„, we can also write this as 

oo 

(E) = Yl 

n=l 

= J^Cn f / dxul{x)lp{x) ] En 
n=l ^ 

= ^c„y" dxip*{x)EnUn{x) 

^Y.'^n J dx^*{x)HUn{x) 
= J dxip*{x)H ^y^ CnUnjx) 

— / dxip*{x)Hip{x) 



Expectation value of energy in state ip{x): 



dxip*{x)Hip{x) 



valid for any potential, not only box potential 

(12-2) 



Hamiltonian operator and energy 

If we postulate that a particle of momentum p is associated with a deBroglie wave- 
length AdB = ^, then it is represented by a plane wave e*'^^ with a wavevector 
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^ ~ ~ ^ = f ) P = ^k. Then, since the Fourier transform (j){k) of il>{x) 
gives the probabihty amphtude for the plane wave with wavevector k —>■ 

(^V^(x) = ^ / dkme'"''^ , (12-3) 
the expectation value of momentum is given by 

ip)^ J dkhk\(t>{k)\^ (12-4) 

{p'') ^ j dk{hkf\(t){k)\^ (12-5) 

Note. In PS5 you show using the properties of Fourier transforms that these expec- 
tation values can also be expressed as 

//? d 

dxilj*{x)-—^{x) (12-6) 



(/) = J dxrix) (^—^ ^(x) (12-7) 



It follows that the expectation value of the KE is 

How large is the expectation value of the potential energy? 

Potential V{x) should be weighted by probability to find particle between x and 
X + dx, hence 

(y) = J dxV{x)\ijj{x)\'^ = J dxij;*{x)V{x)ip{x) (12-9) 
Since {E) = {V) + (T) it follows that 

{E) = J dxrix) {^-^^2+ ^(^)) V'(^) (12-10) 

= J dxi)*{x)Hij{x) (12-11) 

This is the so-called "sandwich form" for calculating the mean value (expectation 
value) of the energy. If ^x) is an energy eigenfunction with eigenvalue £'o, i.e. if 

Massachusetts Institute of Technology XII-2 



8.04 Quantum Physics 



Lecture XII 



HipEoi^) = EqiPeo{x), then 



{E) 



dxilJ*E^{x)Hi/jEoix) 
J dxip%^{x)EoipEo{x) 
Eo J dx\ipEo{x)f 



— Eq, 



(12-12) 



where we have used the fact that the wavefunction is normahzed. This shows that 
the constant Eq appearing when we make the product ansatz \l/(a:,t) = T{t)%l){x) to 

solve the SE is really the energy of the system. We define the expectation value 
of an operator O acting on a wavefunction ipi^x) via the sandwich form 



O 



dxijj*{x)Oilj{x) 



Then we have 



{E) 



H 



dxip*{x)Hip{x) 



;i2-13) 



;i2-14) 



The mean energy of the state described by the wave-function il){x) is the expectation 
value of the Hamiltonian operator H. We say that the Hamiltonian H is the operator 
associated with the measurable quantity energy. The operator T associated with the 
kinetic energy is 



2m dx"^ 



(12-15) 



with (T) = (TJ = J dx^*{x)Ttjj(x), while the operator V for the potential energy is 
simply a multiplicative factor 

'V = V{x) I (12-16) 



with (V) = (Vj ^ J dxip*{x)Vip{x) 

Why is potential energy associated with a simple multiplica- 
tive factor while kinetic energy is associated with a second 
derivative? 

Because we are working with wavefunctions in real space ip{x). We say that we 
are working with wavefunctions in position space or in the position representation. 
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Another possibility is to work in momentum space (the momentum representation). 
Then the wavefunction should be the probability amplitude in momentum space, 
which is just the Fourier transform (j){p) of 'ijj{x). Then to calculate the KE we have 

2 

to weigh ^ for each p with the probability to find the particle momentum between 
p and p + dp: 



p^ 
2m 



(12-17) 

= J dp<t>*{p)^<t>{p) (12-18) 
We see that in momentum space the KE operator is simply a multiplicative factor 

in momentum space (12-19) 

How to calculate the potential energy V{x) in terms of the 
wavefunctions in momentum space 

Note. In PS5, you have shown that 











2m 


2m 



(x) 



;i2-20) 

;i2-2i) 



(12-22) 



(x") = j dp<t^\p) [ih^^ <p{p) 

Consequently, for any potential function 

oo 
n=0 

we can calculate the expectation value {V) as 

{V) = J dp4>*{p)v [ih^^ <t^ip) 

dp(f)*{p)V(j){p) (12-23) 
Consequently, the representation of the operator for the PE in momentum space is 

(12-24) 



V = V th 



d 



dp 
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where a function V of an operator is defined in terms of its Taylor expansion, Eq. 
(12-22). It follows that the Hamiltonian is 



H^f + V (12-25) 
-|- V{x) in position space (12-26) 



1 /h d^^ 



2m \i dx 



+ V { ih— ] in momentum space (12-27) 

2m \ op J 

The SE equation is always the same: 

d 

ih—'^{x,t) = Hm{x,t) time-dependent SE (12-28) 
d 

ih—^{p,t) = H^{p,t) time-dependent SE (12-29) 

H^{x) = Eip{x) time-independent SE (12-30) 

H4>{p) = E<j){p) time-independent SE (12-31) 

Example. For the harmonic oscillator, the SE (in appropriately chosen units) looks 
the same in position and momentum space: 

1. linear potential V{x) = Ax 

— - — il)"{x) + Axil){x) — Ei/j{x) in position space 

(12-32) 

ice 

(12-33) 



p2 

- — 0(p) -|- ihA(f)'(p) — E(j){p) simpler equation in momentum space 

Zi III 



2. harmonic oscillator: V{x) = ^muj^x'^ 

1 

-— V^"(x) + -mu?x^'i}{x) = Ei){x) (12-34) 

^4>{P) - \n'mu'<t>"ip) = E<t^{p) (12-35) 

If we know the solutions in one space, we know the solutions in the other. The 
HO is symmetric in position and momentum. 
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Time evolution of the wave function 

Consider a particle in the infinite box with a wavefunction at t = 0, ^(x, i = 0). 
Expansion into eigenstates ^'(a;,t = 0) = ciUi{x) + C2U2{x) + ■ ■ ■ = Yl'^=i (^nUni^)- 
Since each eigenstate Un{x,t) evolves at a rate given by its eigenenergy E^, 

Unix, t) = Unix, t = 0)6"^^"*/'^ (12-36) 

= Unix)e-'^-'/'' (12-37) 
the wavefunction \t'(a;, t) at later time t is simply given by the linear superposition 



'^ix,t) = y^^CnUnix)e' 



iE„t/h 



n=l 



;i2-38) 



where the expansion coefficients c„ are calculated at t = 0: 



dxulix)'^ix,t = 0) 



;i2-39) 



Hence the importance of energy eigenstates and eigenvalues: The eigenvalues rep- 
resent not only the only possible outcomes of individual energy measurements, but 
the combination of eigenstates and eigenvalues allows one to write down the time 
evolution of an arbitrary initial state. 



How does a particle move? 

Example. ^'(a;,t = 0) = -^iuiix) +U2ix)). Particle in equal superposition of ground 
and first excited state. 



^ix,t) = ^ [7/i(x)e-^-^i*/^ + ii2(x)e-^^^*/'^] 
v2 



-^e-^^i*/^ [u,ix)+U2ix)e'^^'-^'Wn^ 



\^ix,t)\' 



\ui(x) + U2(x)e 



-i{E2-Ei)t/n\2 



(12-40) 
(12-41) 
(12-42) 



At any fixed position, interference term between ui and U2 oscillates from constructive 
to destructive interference with angular frequency 



UJ21 = 



E2 — El 



;i2-43) 



The energy difference determines the oscillation of the particle between the halves of 
the box. 
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Figure I: A particle in a superposition of the ground state an the first excited state 
oscillates from left to right at the frequency corresponding to the energy difi:erence 
between the two states. 

Note. If ^(x.t = 0) is an eigenstate, ^(a;,t = 0) = u„(x), then = |^(x,0)p, 

i.e. the probability density does not change in time: Bohr"s stationary states are 
energy eigenstates. 

An oscillating electron (particle) is in a superposition of at least two energy eigen- 
states. An electron in a Bohr atom that emits a Lyman a photon is in a superposition 
of the ground [Ei] and the first excited state (-E'2)- It oscillates in space at the fre- 
quency exactly the frequency of the emitted Lyman a photon. 

Our box example also shows: The more localized the initial spatial distribution 
^(x, 0), the more eigenstates are involved, and the more complicated the time evolu- 
tion will be (there will be interference terms oscillating at {E2 — Ei)/h, (£'3 — Ei)/h,, 
{E3 — -E'2)/^, . . . ) All motion of particles involves oscillating interference. 



What is the relation between the SE and CM 
QM should reproduce CM as Umiting case 

• CM p = mv = 

• We expect this (and other) classical equation(s) to hold for the QM expectation 
values (average position, momentum), at least in some limiting case. 

• Calculate ^ (^): the only time variation arises from the time variation of wave 
function, x is coordinate, not particle position in the SE. 
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m 



' dx \ 



= m- {x) 



m— I dx'^*{x,t)x'if{x,t) 



— m J dx 



m I dx 



—x'$ + ^*x— 
ot ot 



—ifi 1 2m dx"^ 



1 



ih I 2m dx'^ 



(12-44) 
(12-45) 
(12-46) 

+ V{x)-^ 



_ h r 



dx 



1 



(12-47) 

dx [^*\/(x)x* - **a;V^(a;)*] 

(12-48) 



The second term is zero, the first term can be integrated by parts: 



dx^ 



I. 


\ dx J 


d^* 




dx 


dx 


dx 




fd^* \ 
dx 'V 


d^* 


* - 


dx 


dx 



x*) 
d^* d^ 

X- 



dx dx 



(12-49) 



Similarly, 



dx'^ 



52^* 
dx'^ 



x"^ 



;i2-50) 



d_ 
dx 
d_ 
dx 



dx 
dilj* 
dx 



^ - ^f*x 



xt/j — ^ X 



dx 
d^ 



dx 



d^* 5^ 

^ -|- ^ — 

dx dx 

d a* 

- —(***) + 2** — 
dx dx 



(12-51) 
(12-52) 



ih 



d^ 
~dt 



2m dx'^ 



+ V{x) ^ 



SE 



(12-53) 



For the wavefunction to be normalizable, it has to vanish at ±00 faster than 
Consequently, the integral over the first two terms in A yields zero and we are left 
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with 



(x) = - / dx2^*^ (12-54) 



= dx^*{x, t) (^^^ "^{x, t) (12-55) 

/oo 
(ix**(x, t)p^{x, t) = (p) (12-56) 
-oo 

So it follows from the SE that the expectation value of momentum is equal to the 
particle mass times the rate of change of the expectation value of particle position: 

{x) = {p) (12-57) 

This equation follows from the SE in combination with the position representation of 
the momentum operator P = j^- Does the appearance of 4 mean that momentum is 
complex (imaginary)? Let us calculate the complex conjugate (p)* of the expectation 
values of (p) in some arbitrary state ^{x,t) ... 
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